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Abstract
We show that the two-loop Euler-Heisenberg effective Lagrangian for scalar QED in a constant Eu-
clidean self-dual background has a simple explicit closed form expression in terms of the digamma function.
This result leads to a simple analysis of the weak- and strong-field expansions, the two-loop scalar QED
beta function, and the analytic continuation properties of the effective Lagrangian and its imaginary part.
The Euler-Heisenberg Lagrangian, one of the earliest results in quantum electrodynamics [1,2], describes the com-
plete one-loop amplitude involving a spinor loop interacting non-perturbatively with a constant background field.
This effective Lagrangian encodes the information concerning the one-loop amplitude in a form which is extremely
convenient for the study at low energies of nonlinear QED effects such as photon-photon scattering [1], photon dis-
persion [3], and photon splitting [3]. Analogous results apply for scalar QED [4]. The Euler-Heisenberg Lagrangian is
real for a purely magnetic field, while in the presence of an electric field there is an absorptive part, indicative of the
possibility of electron-positron pair creation by the field [4,5]. Although pair production is exponentially suppressed
for field strengths which are presently possible for a macroscopic field in the laboratory, pair creation has recently
been observed in an experiment involving electrons traversing the focus of a terawatt laser [6]. Moreover, in the near
future the construction of X-ray free electron lasers may allow one to obtain field strengths much higher than the ones
obtainable by optical lasers [7].
All these results are at the one-loop level. Going to the two-loop level, the first radiative correction to the Euler-
Heisenberg Lagrangian, describing the effect of an additional photon exchange in the loop, was first studied in the
seventies by Ritus [8–10], for both spinor and scalar QED, and for a general constant background field Fµν . Using
the exact propagators in a constant field found by Fock [11] and Schwinger [4], and a proper-time cutoff as the
UV regulator, Ritus obtained the two-loop effective Lagrangian in terms of a certain two-parameter integral. A
new feature of the two-loop calculation is the necessity of mass renormalization, which turns out to work in a quite
non-trivial way [8–10,12–15]. Unfortunately, the double parameter integral is very complicated, so it is much more
difficult to study the weak- and strong-field expansions at two-loops than at one-loop. This is true even for the special
cases where the background is purely magnetic or purely electric [8–10]. More recently, the world-line approach to
quantum field theory [16–21] has been used [13,14,22] to re-compute these two-loop results, for both spinor and scalar
QED, in a general constant background field. The world-line results are once again expressed as complicated double
parameter integrals, although they are of a different form from Ritus’s expressions. While it has not yet been shown
how to convert between these two different expressions, their equivalence has been checked, as weak- and strong-field
expansions, using computer-based expansions. The Borel summation properties of the weak-field expansion have also
been studied [15].
In this letter we specialize the world-line two-loop calculation to a constant Euclidean self-dual background, where
Fµν = F˜µν ≡
1
2εµναβF
αβ . In this case we find the surprising result that both of the parameter integrals can be
done in closed form, yielding a simple expression (see Eq.[18]) for the scalar QED effective Lagrangian, in terms of
the digamma function ψ(x) = d/dx ln Γ(x). This simple closed form makes it extremely easy to study the weak-
and strong-field expansions, as well as analyticity features such as analytic continuation and Borel summation. We
have chosen to consider scalar QED rather than spinor QED as it leads to some computational simplification in the
world-line formalism, but analogous simplifications occur for spinor QED [23].
A constant Euclidean self-dual background is of interest for a number of reasons. First, such backgrounds are
significant in QCD, since constant gauge fields are only stable under quantum fluctuations if they are self-dual and
essentially abelian (i.e., have a fixed direction in color space) [24]. Second, a constant self-dual background is relevant
for the derivative expansion for an instanton background in a non-abelian theory [25]. Third, this type of background
plays an interesting role in the interpretation of D-instantons and D3-branes in N = 4 super-Yang-Mills theory [26,27].
Fourth, interesting properties of the SU(2) effective potential have been found recently for such self-dual backgrounds
[28]. Finally, from a computational perspective, the self-dual case is the simplest nontrivial constant field background,
and we will see that it leads to the most explicit expressions for the effective Lagrangian; hence we hope that it may
lead to progress concerning the general properties of radiative corrections to the Euler-Heisenberg Lagrangian.
We begin by briefly recalling the one-loop results for scalar QED. The one-loop Euler-Heisenberg effective Lagrangian
for scalar QED in a general constant background field Fµν can be expressed as [4]
L
(1)
scalar =
1
(4pi)2
∫ ∞
0
dT
T
e−m
2T
[
e2a b
sinh(eaT ) sin(ebT )
−
1
T 2
+
e2(a2 − b2)
6
]
(1)
Here T denotes the (Euclidean) proper-time of the loop fermion, and a, b are related to the two Lorentz invariants of
the Maxwell field by a2 − b2 = B2 − E2, and ab = E ·B. The last term in the square brackets in (1) corresponds to
the one-loop charge renormalization [4].
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If the field has an electric component then this effective Lagrangian has an imaginary part, indicating that the
vacuum becomes unstable in an electric field. A convenient representation for this imaginary part was found by
Schwinger [4]. In the case of a purely electric field E it reads
ImL
(1)
scalar(E) = −
e2E2
16pi3
∞∑
k=1
(−1)k
k2
exp
[
−
m2pik
eE
]
(2)
In this representation the coefficient of the k-th exponential can be directly identified with the rate for the production
of k coherent pairs by the field [4,5].
For a constant Euclidean self-dual (SD) background field one can write F 2 = −f21 , so that a = f , and b = −if .
Then, specializing (1) to such a background,
L
(1)(SD)
scalar (κ) =
m4
(4pi)2
1
4κ2
∫ ∞
0
dt
t3
e−2κt
[
t2
sinh2(t)
− 1 +
t2
3
]
(3)
where we have defined the dimensionless parameter
κ ≡
m2
2e
√
f2
(4)
and rescaled t = Te
√
f2.
The one-loop effective Lagrangian in (3) may be expressed in terms of special functions (such as zeta functions) in
various ways [29]. However, in anticipation of a comparison with our two-loop result below, we present the following
representation in terms of the function ln Γ(x) and its integral:
L
(1)(SD)
scalar (κ) =
m4
(4pi)2
1
κ2
[
−
1
12
lnκ+ ζ′(−1) + Ξ(κ)
]
(5)
Here we have defined the function [30]
Ξ(x) ≡ −x ln Γ(x) +
x2
2
lnx−
x2
4
−
x
2
+
∫ x
0
dy ln Γ(y) (6)
and ζ′(−1) ≈ −0.16542. It is straightforward to deduce the weak- and strong-field expansions of the one-loop effective
Lagrangian L
(1)(SD)
scalar (κ). The weak field (i.e., large κ) expansion follows most easily from the integral representation
(3):
L
(1)(SD)
scalar (κ) =
m4
(4pi)2
∞∑
n=2
c(1)n
1
κ2n
(7)
where the expansion coefficients are (here Bn are Bernoulli numbers)
c(1)n = −
B2n
2n(2n− 2)
, n = 2, 3, . . . (8)
The weak-field expansion (7) is a divergent alternating series, since the leading behavior of c
(1)
n at large order is
c(1)n ∼ 2
(−1)n
(2pi)2n
Γ(2n− 1) , n→∞ (9)
The strong-field (i.e., small κ) expansion of L
(1)(SD)
scalar (κ) follows most easily from the representation (5):
2
L
(1)(SD)
scalar (κ) =
m4
(4pi)2
1
κ2
[(
−
1
12
+
κ2
2
)
lnκ+ ζ′(−1) +
κ
2
+ (
γ
2
−
1
4
)κ2 −
∞∑
n=2
(−1)nζ(n)
(n+ 1)
κn+1
]
(10)
The leading strong-field term is
L
(1)(SD)
scalar ∼
1
12pi
e2
4pi
f2 ln
(
2ef
m2
)
(11)
The scalar QED β-function at one-loop can be read off from the coefficient of the f2 ln f term [8–10,31]. In the
conventions of [32],
βscalar(α) =
α2
6pi
+ . . . (12)
where α = e
2
4pi is the fine structure constant. This illustrates the connection between the strong field and high
momentum limits of scalar QED [8–10,31].
Turning to the two-loop case, we briefly recall the world-line results [13,14,22] for the two-loop Euler-Heisenberg
Lagrangian in a general constant field Fµν :
L
(2)
scalar(F ) = (4pi)
−D
(
−
e2
2
) ∫ ∞
0
dT
T
e−m
2TT−
D
2
∫ ∞
0
dT¯
∫ T
0
dτa
∫ T
0
dτb
×det−
1
2
[
sin(eFT )
eFT
]
det−
1
2
[
T¯ −
1
2
Cab
]
〈y˙a · y˙b〉 (13)
Here T and T¯ represent the scalar and photon proper-times, and τa,b the endpoints of the photon insertion moving
around the scalar loop. Cab and 〈y˙a · y˙b〉 are given by
Cab = GB(τa, τa)− GB(τa, τb)− GB(τb, τa) + GB(τb, τb)
〈y˙a · y˙b〉 = tr
[
G¨Bab +
1
2
(G˙Baa − G˙Bab)(G˙Bab − G˙Bbb)
T¯ − 12Cab
]
(14)
They are expressed in terms of the worldline Green’s function GB (and its first and second derivatives), where [13]:
GB(τ1, τ2) =
1
2(eF )
2
(
eF
sin(eFT )
e−ieFTG˙B12 + ieF G˙B12 −
1
T
)
(15)
Here G˙B12 = sign(τ1 − τ2)− 2(τ1 − τ2)/T , and a ‘dot’ always refers to a derivative with resepect to the first variable.
The formula (15) should be understood as a power series in the field strength tensor Fµν .
We now specialize these two-loop formulas to the case of a self-dual field. The worldline correlator (15) for such a
field simplifies to [33]:
GB12 =
T
2
[
1
Z2
−
cosh(ZG˙B12)
Z sinh(Z)
]
1 + i
T
2Z2
[ sinh(ZG˙B12)
sinh(Z)
− G˙B12
]
Z (16)
where Zµν ≡ eTFµν and Z ≡ efT . Contrary to the magnetic or electric field cases, the resulting integrand in (13) is
simple enough to allow one to perform, in closed form, both the integrals over T¯ and over τ1 − τ2. The result reads,
after a partial integration in T ,
L
(2)(SD)
scalar (κ) =
m4
(4pi)4
e2
4κ2
∫ ∞
0
dt
t3
e−2κt
( t
sinh(t)
)2{
−4t2 + 6κ t
[
1− γ + ln
( 1
2κ sinh(t)
)]}
(17)
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Here we have subtracted the appropriate mass renormalization term, as explained in [14]. The (on-shell) renormal-
ization of the Lagrangian is completed by further subtracting from the integrand the terms of order O(f0),O(f2).
The resulting finite proper-time integral in (17) can then again be performed by elementary means, leading to the
following simple expression for the renormalized two-loop effective Lagrangian:
L
(2)(SD)
scalar (κ) =
m4α
(4pi)3
1
κ2
[
3
2
ξ2(κ)− ξ′(κ)
]
(18)
where we define [here ψ(x) is the digamma function: ψ(x) = d
dx
ln Γ(x)]
ξ(x) ≡ −x
(
ψ(x) − lnx+
1
2x
)
(19)
The simplicity of our result (18) is very surprising, and we do not know of any comparable two-loop result in gauge
theory (for φ4 theory an analogous result was obtained in [34]). Comparing with the one-loop self-dual result (5), we
note that the two-loop result (18) is very similar, since ξ(x) = Ξ′(x). In fact, in some sense the two-loop result is even
simpler than the one-loop result, as it involves derivatives of ln Γ(x) rather than its integral.
It is now straightforward to derive the weak- and strong-field expansions of the two-loop effective Lagrangian, using
the known expansions of the digamma function:
ψ(x) =


lnx− 12x −
∑∞
n=1
B2n
2nx2n , x→∞
− 1
x
− γ +
∑∞
n=2(−1)
nζ(n)xn−1 , |x| < 1
(20)
Therefore, the weak-field (i.e., large κ) expansion is
L
(2)(SD)
scalar (κ) =
m4
(4pi)2
αpi
∞∑
n=2
c(2)n
1
κ2n
(21)
with two-loop expansion coefficients (for n = 2, 3, . . .):
c(2)n =
1
(2pi)2
{
2n− 3
2n− 2
B2n−2 +
3
2
n−1∑
k=1
B2k
2k
B2n−2k
(2n− 2k)
}
(22)
At large order in the weak field expansion the leading behavior is
c(2)n ∼ 2
(−1)n
(2pi)2n
Γ(2n− 1) , n→∞ (23)
Thus, the leading growth rate (at large order of perturbation theory) of the weak-field expansion coefficients is exactly
the same at two-loop as at one-loop, up to an overall factor of αpi. This is consistent with the results in [8–10,15] for
the purely magnetic and electric cases. We have also checked (to 24 orders) that the weak-field expansion coefficients
in (22) agree with those obtained by an expansion of Ritus’s double-parameter integral expression in [9].
Similarly, from (18,19,20), the strong-field (i.e., small κ) expansion is
L
(2)(SD)
scalar (κ) =
m4α
(4pi)3
1
κ2
[
(γ + lnκ)
{
−1 +
3
2
κ+
3
2
κ2(γ + lnκ)− 3
∞∑
n=2
(−1)nζ(n)κn+1
}
−
5
8
+
pi2
3
κ
−
∞∑
n=2
(−1)n
(
3
2
ζ(n) + (n+ 1)ζ(n+ 1)
)
κn +
3
2
∞∑
n=4
n−2∑
l=2
(−1)nζ(n− l)ζ(l)κn
]
(24)
The leading strong-field term is
4
L
(2)(SD)
scalar ∼
1
4pi2
(
e2
4pi
)2
f2 ln
(
2ef
m2
)
(25)
From the coefficient of the f2 ln f term we can read off the two-loop contribution to the scalar QED β-function, so
that to two-loop order:
βscalar =
α2
6pi
+
α3
2pi2
+ . . . (26)
Once again, this illustrates the connection between strong-field and short-distance physics [8–10,31].
As a final application of our result, we consider the analytic continuation of L
(2)(SD)
scalar (κ) under κ→ iκ (or, f → −if).
We obtain the following explicit Schwinger-type formula:
ImL
(2)(SD)
scalar (iκ) = αpi
m4
(4pi)3
1
κ2
∞∑
k=1
[
2piκ k − 1 + 3κ2Re
(
ψ˜(iκ)
)]
exp [−2piκ k] (27)
where ψ˜(x) ≡ ψ(x)− ln(x) + 12x is the same function that appears in the definition of ξ(x) in Eq.(19). Note that the
imaginary part (27) is non-perturbative in the field [recall Eq.(4)]. This is true also for the one-loop case:
ImL
(1)(SD)
scalar (iκ) =
m4
(4pi)3
1
κ2
∞∑
k=1
[
2piκ
k
+
1
k2
]
exp [−2piκ k] (28)
It is interesting that one finds a completely explicit expression for the exponential prefactor in (27), for any k. This
should be contrasted with the two-loop constant electric field case where only a two-parameter integral representation
is available [8–10], and where a complicated analysis [35] of the analyticity properties of the integrand led to an
analogous representation for the imaginary part. But only the leading term in the κ expansion of the prefactor could
be determined. A Borel analysis [15] of the high orders of perturbation theory, in this two-loop electric case, found a
numerical estimate for the next term in this Ritus-Lebedev κ expansion of the prefactor (for k = 1), but was unable to
go further. Yet, in the self-dual background studied here, we find a simple expression for the entire prefactor, for all k.
We note that for a given value of κ, the two-loop prefactor in (27) eventually becomes larger than the corresponding
one-loop prefactor, when the ‘instanton’ index k is large enough. If this were found to be true also in the electric case,
one would have to conclude that the one-loop Schwinger formula (2) does not always provide a reliable estimate of
the actual multi-pair production rate, for very large numbers of pairs.
We have also tested [23] the Borel dispersion relation approach on the self-dual case two-loop weak-field expansion
(21), and find perfect agreement with the leading (k = 1) term in the exact result (27). Indeed, one can already see
that the leading terms in (9) and (23) are consistent with the leading large κ terms in the imaginary parts (28) and
(27).
To conclude, we reiterate that we find it extremely surprising that such a simple closed-form can be obtained for
the two-loop effective Lagrangian. It suggests that even higher loop orders might be accessible in the self-dual case,
and that the function ξ(x) will reappear in them. This might ultimately lead to progress in the computation of higher
beta function coefficients (only the first three coefficients are presently known for scalar QED [36]), as well as provide
partial information on higher order light-by-light scattering [37]. Similar simplifications occur in the case of spinor
QED [23]. A question of obvious interest is whether some of this simplification carries over also to the nonabelian
case. Work in this direction is in progress.
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